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MULTIPLICITY OF CONTINUOUS MAPS BETWEEN
MANIFOLDS
R.N. KARASEV
Abstract. We consider a continuous map f : M → N between
two manifolds and try to estimate its multiplicity from below, i.e.
find a q-tuple of pairwise distinct points x1, . . . , xq ∈M such that
f(x1) = f(x2) = . . . = f(xq).
We show that there are certain characteristic classes of vector
bundle f∗TN − TM that guarantee a bound on the multiplicity
of f . In particular, we prove some non-trivial bound on the mul-
tiplicity for a continuous map of a real projective space of certain
dimension into a Euclidean space.
1. Introduction
In this paper we consider a continuous map f : M → N between
two manifolds and try to find some sufficient conditions for existence of
multiple points, i.e. the q-tuples of pairwise distinct point x1, . . . , xq ∈
M such that
f(x1) = f(x2) = . . . = f(xq).
We call such a q-tuple x1, . . . , xq a coincident q-tuple, and call the
multiplicity of f the maximum q such that there exists a coincident
q-tuple for f .
The results of this kind for double points of continuous maps were
obtained in [19, 2, 16, 10]. They have obvious relation to embeddability
and immersibility of manifolds. Some results about the multiplicity in
the case f is a smooth immersion are also known, see [7, 3] for example.
In the recent paper [5] the lower bounds for the multiplicity are given
in the case when the domain space is a polyhedron of high enough
complexity (a skeleton of a simplex) and f is a generic piecewise linear
or piecewise smooth map. In this paper we investigate the case when
f is continuous without any other restrictions.
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In Section 6 we show that there exist certain characteristic classes
of vector bundle f ∗TN − TM that guarantee the existence of multiple
points for f . Then we give some particular applications of these classes.
We prove Theorem 3 on the multiplicity for continuous maps from a
projective space to a Euclidean space, calculate some characteristic
classes of coincident 4-tuples in Section 8, calculate the characteristic
classes modulo a prime p of coincident p-tuples in Section 9.
In Section 10 we consider another question, having a lot in common
multiple points of maps, that is the question of estimating from be-
low the Krasnosel’skii-Schwarz genus and the Lyusternik-Schnirelmann
category of configuration spaces of manifolds.
The author thanks S.A. Melikhov for pointing out the relation of
this problem to the singularity theory and detailed discussions of the
subject.
2. Local multiplicity of generic smooth maps – the
approach of singularity theory
The theory of singularities for smooth maps gives some approach to
multiplicity. For example, it is known that a generic (in some sense)
smooth map f : M → N may have singularities of type Σ1
k
, with the
following canonical form [11].
Let the local coordinates be (x1, . . . , xm) inM and (y1, . . . , yn) in N .
Then the map is given by
yi = xi, i = 1, . . . , m− 1(1)
yi =
k∑
l=1
x(i−m)k+lx
l
m, i = m, . . . , n− 1(2)
yn =
k−1∑
l=1
x(n−m)k+lx
l
m + x
k+1
m ,(3)
here the inequality k(n − m + 1) ≤ m must hold. If we select the
numbers xi (i = 1, . . .m−1) so that the polynomials in xm in the right
part of (2) are zero, and the right part of (3) has k + 1 distinct roots,
then we obtain a coincident (k + 1)-tuple, since the coordinate xm has
k + 1 possible choices.
Such singularities for generic maps are guaranteed by the appropri-
ate characteristic classes of the virtual bundle f ∗TN−TM . The classes
σk,m−n for singularities of type Σ
1k in codimension m − n can be ex-
pressed in terms of Stiefel-Whitney classes by some recurrent formulas,
see [13] for example.
Unlike the singularity theory approach, the approach to multiplicity
in this paper is valid for arbitrary continuous maps, not only smooth
and generic. This approach has some similarities with the singularity
theory, in particular, some characteristic classes of f ∗TN − TM that
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guarantee multiple points are introduced. In particular, in Section 6 we
introduce a characteristic class sq,m−n that guarantee a coincident q-
tuple for q = 2l, the author does not known whether the classes sq,m−n
are a particular case of the classes σq,m−n.
3. Global multiplicity and configuration spaces
In this section we consider a continuous map f :M → N and try to
give sufficient conditions for the existence of a coincident q-tuple. The
most straightforward approach is to consider the configuration space.
Definition 1. For a topological spaceX denote the configuration space
Kq(X) = {(x1, . . . , xq) ∈ X
q : ∀i, j xi 6= xj}.
Note that the permutation group Σq acts freely on K
q(X). For
any continuous map f : M → N denote its power f q : Kq(M) →
N q its power restricted to Kq(M). This is an Σq-equivariant map.
A coincident q-tuple is an intersection of f q(Kq(X)) with the (thin)
diagonal ∆(N) ⊆ N q.
Thus the preimage of the diagonal (f q)−1(∆(N)) ⊆ Kq(M) can be
considered as an obstruction to deforming the map f so that it has no
coincident q-tuples. In the case when M and N are smooth manifolds
of dimensions m and n respectively, andM is compact, this preimage of
the diagonal can be considered as an Σq-equivariant cohomology class
sq(f) ∈ H
n(q−1)
Σq
(Kq(M)) = Hn(q−1)(Kq(M)/Σq),
the coefficients of the cohomology being Z2, or Z, possibly with the sign
action of the group Σq depending on the orientability of N and parity
of its dimension. Certainly, this obstruction can also be considered
as an oriented or non-oriented cobordism class in Ω
n(q−1)
(S)O (K
q(M)/Σq),
but we do not use the cobordism in this paper.
The global cohomology class for double points has certain relation
with the local double points in the case N = Rn, see [19, 16, 10] for
example. For multiplicity > 2 we restrict ourselves to studying the
local (in some sense) multiplicity in the following sections.
4. Local multiplicity of continuous maps – the
configuration space bundle
In order to prove that the class sq(f) is nonzero, it sometimes makes
sense to restrict it to the intersection of Kq(M) with a certain neigh-
borhood of the thin diagonal ∆(M) ⊂ M q. This approach would give
multiple points, that are close enough to each other inM . We call such
multiple points local.
Note that this type of local multiplicity is stronger than the local
multiplicity in the smooth generic case (see Section 2), because here we
may guarantee the existence of a coincident q-tuple {x1, . . . , xq} with
4 R.N. KARASEV
some small but bounded from below diameter, the bound depending on
M only. In will be clear from the definition of Qq(M, . . .) in Section 6.
Similar to what is done in the singularity theory, we are going to
reformulate the problem as a problem for bundle maps. Suppose M
is a compact Riemannian manifold, and N is a Riemannian manifold
with the injectivity radius r(M).
Consider the tangent bundle TM and the exponential map exp :
TM → M × M , induced by the Riemannian metric, and sending a
tangent vector τ at x to the ends of a geodesic (x, y) with length |τ |
and starting direction τ . Let us fix some x ∈ M , then the q-th power
expq : Kq(TxM) → M
q maps q-tuples (τ1, . . . , τq) ∈ (TxM)
q of vectors
with lengths < r(M) to q-tuples of distinct points in M . Hence by
replacing TxM with an open disc DxM of radius r(M) we obtain a
well-defined map expq : Kq(DxM) → K
q(M). Hence there exists Σq-
equivariant map
expq : KqM(DM)→ K
q(M),
here we assume the following definition.
Definition 2. Let ξ : E(ξ) → M be a vector or disc bundle over M .
The subspace of Kq(E(ξ)), consisting of configurations lying in the
same fiber of ξ, is denoted KqM(ξ) and called the configuration space
bundle.
Now let us consider a continuous map f : M → N . Let us take
small enough tangent disc bundle DN so that exp (of N) is invertible
on it. Then take small enough tangent disc bundle DM so that the
inclusion for the map of pairs f 2 ◦ expM DM ⊂ expN DN holds. Then
a fiberwise map
φ = exp−1N ◦f
2 ◦ expM : DM → DN
is defined. To find a local coincident q-tuple it is sufficient to find
a coincident q-tuple of the fiberwise map φq : KqM(DM) → DN
⊕q,
the latter is the q-fold Whitney sum of bundles over N . Consider the
pullback f ∗(DN) with the natural fiberwise map f∗ : f
∗(DN)→ DN .
Note, that there exists a natural fiberwise map ψ : DM → f ∗(DN),
and the corresponding map ψq : KqM(DM) → (f
∗(DN))⊕q such that
φq = f∗ ◦ ψ
q. So the local multiplicity is bounded from below if we
bound from below a multiplicity in the fiberwise map
ψ : DM → f ∗(DN)
over the same space M .
In the sequel we do not distinguish between a vector bundle and its
disc bundle, since they and their configuration spaces are diffeomorphic.
Let us generalize a problem to finding multiple points for a fiberwise
map ψ : ξ → η of some vector bundles ξ and η over the same space M .
Let Aq be the q − 1-dimensional representation of Σq, arising from
the natural permutation representation on Rq by taking the quotient
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R
q/(1, 1, . . . , 1). Denote the natural projection of the configuration
space bundle ξq : KqM(ξ) → M . Now the map ψ
q gives an Σq-
equivariant section of the vector bundle (ξq)∗(η⊕q). Composed with
the natural projection
(ξq)∗(η⊕q)→ Aq ⊗ (ξ
q)∗(η),
it also gives a section ψq0 of the vector bundle Aq⊗(ξ
q)∗(η) over KqM(ξ).
Note that ψq0 is an equivariant section w.r.t the natural action of Σq
on KqM(ξ) and on Aq. Now the coincident q-tuples correspond to the
zero set of the section ψq0, and we have reduced the problem of finding
local multiple points to proving that the zero set of the Σq-equivariant
vector bundle Aq ⊗ (ξ
q)∗(η) over KqM(ξ) is nonempty.
5. The Euler class of local multiple points
Now let us consider the zero set Z(ψq, ξ, η) of some Σq-equivariant
section of the bundle Aq ⊗ (ξ
q)∗(η) over KqM(ξ). We shall denote the
bundle simply Aq ⊗ η since it does not lead to a confusion.
Certainly, the set Z(ψq, ξ, η) may be considered a manifold for generic
sections, and it is Poincare dual to the Euler class e(Aq ⊗ η), taken in
the equivariatn cohomology or some bordism theory. It can be cal-
culated directly sometimes, but we are going to “stabilize” it in some
sense to simplify the computation, though some information can be
lost.
Consider some other vector bundle ζ and two fiberwise maps ψ : ξ →
η and ι : ζ → ζ , the latter being the identity. Now it is readily seen
that
(4) Z((ψ ⊕ ι)q, ξ ⊕ ζ, η ⊕ ζ) = Z(ψq, ξ, η)×M ζ.
Hence if the Euler class e(Aq ⊗ (η ⊕ ζ)) is nonzero over K
q
M(ξ ⊕ ζ),
then the set Z(ψq, ξ, η) cannot be empty.
Lemma 1. The coincident q-tuples in a continuous fiberwise map ψ :
ξ → η over M are guaranteed by a nonzero Σq-equivariant Euler class
e(Aq ⊗ (ξ
⊥ ⊕ η)) in the cohomology (or cobordism) of Kq(Rµ) × M ,
where µ = dim ξ + dim ξ⊥.
Proof. In the above reasoning take ζ to be ξ⊥ such that ξ⊕ ξ⊥ = εµ, ε
denotes a trivial vector bundle. Then it suffices to note that
KqM(ε
µ) = Kq(Rµ)×M.

If we consider the cohomology with coefficients in a field Zp, then by
the Ku¨nneth formula the algebra H∗Σq(K
q(Rµ)×M) is a free H∗(M)-
module, spanned by the linear basis of H∗(Kq(Rµ)/Σq). Denote the
latter basis by (h1, . . . , hN(q,µ)), it is known (see [4, 18, 14]) that in the
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case p = 2 the elements hi can be selected to be part of the basis of
H∗(BΣq, Z2).
Now we can decompose the Euler class
e(Aq ⊗ (ξ
⊥ ⊕ η)) =
N(q,µ)∑
i=1
sihi
and obtain the elements si ∈ H
∗(M,Zp), that depend naturally on the
bundle ξ⊥ ⊕ η. Hence si only depend on the Stiefel-Whitney (in case
p = 2) or the Pontryagin and Euler (in case p odd) classes of the virtual
bundle η − ξ, since it is sufficient to consider the situation over some
Grassmann variety and then use the naturality of construction. This
is in accordance with the similar result for smooth map singularities,
where the characteristic classes depend on the virtual bundle f ∗TN −
TM .
6. Local coincident pk-tuples and their characteristic
classes
Let us consider the case when q is a power of a prime p. In this case
the cohomology H∗(Kq(Rµ)/Σq, A) is zero in dimensions > (q−1)(µ−
1), and its (q − 1)(µ− 1)-dimensional cohomology is generated by the
class e(Aq)
n−1, see [17, 12, 14, 9] for different cases of these results.
Here the coefficients A are Zp for p = 2 or odd µ, and Zp with sign
action of Σq in other cases.
Thus similar to the above definition, we can put
e(Aq ⊗ (ξ
⊥ ⊕ η)) = sq,d(ξ
⊥ ⊕ η)e(Aq)
µ−1 + . . . ,
where d = dim η − dim ξ = dim(ξ⊥ ⊕ η)− µ and . . . denotes the terms
with the dimension of the corresponding class inH∗(M,Zp) larger, then
that of sq,d. Note that the dimension of sq,d equals (q − 1)(d+ 1).
Definition 3. We call sq,d(η − ξ) the leading characteristic class of
local coincident q-tuples for prime powers q at codimension d.
In some cases this class (and possibly some higher classes) can be
calculated.
We are going to prove the following result, showing that sq,d are
nontrivial in the case of q = 2k.
Theorem 1. Let q be a power of two. Denote wi the Stiefel-Whitney
classes of η − ξ. Then as a polynomial in the Stiefel-Whitney classes
of η − ξ
sq,d(η − ξ) ≡ w
q−1
d+1 mod wd+2, wd+3, . . . .
In order to prove Theorem 1 we are going to consider some subspace
of the configuration space Kq(Rn). Such subspaces were introduced
in [8] and proved to be very useful in describing the cohomology of the
symmetric group modulo 2.
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Definition 4. Let q = 2k and consider a sequence δ1, . . . , δk of positive
integers such that for any l < k
δl >
k∑
i=l+1
δi.
Let Q10(R
n) be the configuration, consisting of one point at the origin.
Let by induction Qq0(R
n, δ1, . . . , δk) be the set of all q-point configura-
tions, such that the first q/2 points form a configuration ofQ
q/2
0 (R
n, δ2, . . . , δk),
shifted by a vector u of length δ1, and the other q/2 points form a con-
figuration of Q
q/2
0 (R
n, δ2, . . . , δk), shifted by a vector −u.
Definition 5. A configuration in Qq0(R
n, δ1, . . . , δk) can also be de-
scribed inductively as x1, . . . , xq ∈ R
n such that all the distances
dist(x2i−1, x2i) = 2δk and the midpoints of [x2i−1, x2i] form a config-
uration of Q
q/2
0 (R
n, δ1, . . . , δk−1).
Note that Qq0(R
n, δ1, . . . , δk) is always a product of q − 1 spheres of
dimension n − 1, and we shall omit δi in the notation since it does
not change the diffeomorphism type of Qq(Rn). Then we can naturally
define the space QqM (ξ) ⊂ K
q
M(ξ) for any vector bundle ξ : E(ξ)→ M
as a bundle of corresponding Qq0(ξ
−1(x)) for x ∈M .
Note that the Definition 5 (distance and midpoint characterization)
can be applied to any Riemannian manifold M , if we allow the last
center point (configuration Q10) be any x ∈ M . The distances should
be chosen small enough in order for the midpoint to be unique.
Definition 6. LetM be a Riemannian manifold. DefineQq(M, δ1, . . . , δk) ⊂
Kq(M) for q = 2k inductively as follows.
Q1(M) =M .
For q ≥ 2 let Qq(M, δ1, . . . , δk) be the set of q-tuples x1, . . . , xq ∈M
such that all the distances dist(x2i−1, x2i) = 2δk and the midpoints of
[x2i−1, x2i] form a configuration of Q
q/2(M, δ1, . . . , δk−1).
The following lemma allows to guarantee not only local singularities,
but singularities of some finite size from considering QqM(TM) as the
configuration space.
Lemma 2. Let the injectivity radius of M be r and for all i = 1, . . . , k
2δi < r.
Then Qq(M, δ1, . . . , δk) is a fiber bundle (the bundle map is the last
stage midpoint) over M , and is naturally homeomorphic to QqM (TM)
Proof. Let us prove by induction. For any configuration (x1, . . . , xq) ∈
Qq(M, δ1, . . . , δk) the midpoints of pairs [x1, x2], [x2, x3], . . . , [xq−1, xq]
form a configuration in Qq/2(M, δ1, . . . , δk−1). Since 2δk < r, then
knowing the midpoint of [x1, x2], the possible positions of the points
x1, x2 form a sphere.
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SoQq(M, . . .) is a product-of-spheres bundle overQq/2(M, . . .). More-
over, these spheres are spheres of the vector bundles pi∗i (TM), where
pii : Q
q/2(M, . . .)→M is the map, assigning to a configuration its i-th
point. Note that the maps pii are all homotopic to the centerpoint map
pi : Qq/2(M, . . .) → M (the homotopy can be obtained by deforming
a point x2i−1 or x2i to the midpoint of [x2i−1, x2i], and then repeating
inductively), hence all the vector bundles are equivalent to pi∗(TM).
Now the proof is completed by applying the inductive assumption. 
The space Qq0 (or Q
q) is not invariant under the natural Σq-action,
but it is invariant under the action of a certain Sylow subgroup.
Definition 7. Let q = 2k. Denote Σ
(2)
q the Sylow subgroup of Σq,
generated by all permutations of two consecutive blocks [a2l + 1, a2l +
2l−1] and [a2l+2l−1+1, (a+1)2l], where 2 ≤ l ≤ k and 0 ≤ a ≤ 2k−l−2.
Lemma 3. The manifold Qq0(R
n) is Σ
(2)
q -invariant. The cohomology
H
(q−1)(n−1)
Σ
(2)
q
(Qq(Rn), Z2) is generated by the Euler class e(Aq)
n−1.
Proof. The first claim is obvious by definition.
Consider the natural projection ψ : Rn → Rn−1, defined by
ψ(x1, . . . , xn−1, xn) = (x1, . . . , xn−1).
For this projection the only configurations in Qq(Rn) that give co-
incident q-tuples are those with all coordinates zero except xn. But
such configurations form exactly one orbit of Σ
(2)
q . Since this orbit is
Poincare dual to the Euler class e(Aq)
n−1, which is responsible for co-
incident q-tuples in this case, we see that e(Aq)
n−1 coincides with the
fundamental class of the manifold Qq(Rn)/Σ
(2)
q . 
In is well-known [1], that if we consider the Σq-equivariant cohomol-
ogy with coefficients Zp, then the cohomology does not change when
passing to p-Sylow subgroup. Here we do not only pass to a Sylow
subgroup, but also refine the configuration space Kq to a manifold, to
allow some direct geometric reasoning as in the proof of Lemma 3.
Using Lemma 3 the leading characteristic class of coincident 2k-
tuples can be defined as follows.
Definition 8. Denote pi : QqM (ξ)/Σ
(2)
q → M the natural projection.
Then
sq,d(η − ξ) = pi!(e(Aq ⊗ pi
∗η)),
i.e. geometrically it is a projection of the set of coincident q-tuples in
QqM(ξ)/Σ
(2)
q to M .
This definition is the same because for the restricted set of coincident
q-tuples Z(ψ, ξ, eta) ⊆ Qq of a fiberwise map ψ : ξ → η the stability
holds in the following exact form
(5) Z((ψ ⊕ ι)q, ξ ⊕ ζ, η ⊕ ζ) = Z(ψq, ξ, η).
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Then passing to the case of trivial ξ we see that the topmost cohomol-
ogy of Qq0(R
µ) is the same as in Kq(Rµ). The map pi! “divides” by the
fundamental class of Qq0(R
µ)/Σ
(2)
q in H∗(Q
q
0(R
µ)/Σ
(2)
q ×M), similar to
the first definition of sq,d.
7. Proof of Theorem 1 and some corollaries
Now we are ready to prove Theorem 1 using the geometric definition
of sq,d.
Let us find sq,d for a certain fiberwise map over the Grassmannian
M = Gn,d+1 of linear n-subspaces in R
n+d+1. Denote the canonical
n-dimensional bundle γ : E(γ)→ Gn,d+1. Now consider the map
f : Rn+d+1 → Rn+d
given by
f(x1, . . . , xn+d+1) = (x1 − x
2
n+d+1, x2 − x
3
n+d+1, . . . , xn+d − x
n+d+1
n+d+1).
Each fiber of γ is mapped with this map to Rn+d, so f can be considered
as a fiberwise map of γ to εn+d.
Let us describe the coincident q-tuples of f in QqM (γ). First, note
that there is a natural inclusion QqM(γ)→ Q
q
0(R
n+d+1). A configuration
of q points (p1, . . . , pq) ∈ Q
q
0(R
n+d+1) is mapped to one point y if they
lie on a single curve C(c1, . . . , cn+d), given by the parameterization
x1 = c1 + t
2, x2 = c2 + t
3, . . . , xn+d = cn+d + t
n+d+1, xn+d+1 = t.
Consider a single curve C(c1, . . . , cn+m) and the set Z(c1, . . . , cn+m)
of all configurations inQq(Rn) (notQq0!), lying entirely on C(c1, . . . , cn+d).
Consider a configuration (p1, . . . , pq) ∈ Z(c1, . . . , cn+m) and assume
that the points are ordered w.r.t. the coordinate xn+d+1, which cor-
responds with the parameter on the curve. From Definition 5 it is
clear that if δi are small enough in the definition (so that the cur-
vature of C(c1, . . . , cn+m) becomes negligible), then the configuration
(p1, . . . , pq) ∈ Z(c1, . . . , cn+m) is determined uniquely by any one point
pi, which can be chosen arbitrarily. In other words, pi is a smooth
parameter on Z(c1, . . . , cn+m)/Σ
(2)
q .
Denote
Z =
⋃
c1,...,cn+d∈R
Z(c1, . . . , cn+d) ⊂ Q
q(Rn+d+1).
We have already noted that the map gi : Z/Σ
(2)
q → Rn+d+1 taking
any configuration to its i-th point w.r.t. the coordinate xn+d+1 is a
diffeomorphism. For any configuration (p1, . . . , pq) ∈ Z put
h(p1, . . . , pq) =
q∑
i=1
gi(p1, . . . , pq),
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i.e. the center point of the configuration. The map h is smooth on
Z/Σ
(2)
q and for small enough δi it is a diffeomorphism onto R
n+d+1.
Hence h−1(0) is the only configuration in Qq0(R
n+d+1) that is mapped
into single point by f .
Since the configuration h−1(0) lies on a translate of the moment
curve, which is a convex curve, then its points span some q − 1-
dimensional linear subspace L ⊂ Rn+d+1. Now any linear space V ∈
Gn,d+1, that is supposed to have coincident q-tuples in the fiber Q
q
0(V ),
must contain L. Moreover, it can be easily seen that the map f is
transversal to zero and the condition V ⊇ L defines the Poincare dual
to sq,d homology class. From the well-known description of the (dual)
Stiefel-Whitney classes it follows that
(6) sq,d = w
q−1
d+1(γ
⊥)
in the cohomology H∗(Gn,d+1, Z2). Now it suffices to note that this
cohomology algebra has generators w1(γ), . . . , wn(γ) and relations
(7) wd+2(γ
⊥) = wd+3(γ
⊥) = · · · = 0,
hence (6) holds over arbitrary space modulo higher Stiefel-Whitney
classes of η − ξ, because the number n can be taken arbitrarily large,
and the relations in (7) are the only essential relations.
Corollary 2. For double points we have:
s2,d = wd+1.
The corollary follows from Theorem 1 because in the right part there
cannot be anything, depending on wd+2, wd+3, . . . from the dimension
considerations.
Corollary 2 was actually proved in [2] for fiberwise maps to trivial
bundle. Moreover, it is known that the local double points for maps
M → Rn have a relation to global double points for maps M → Rn+1
(informally, they have the same characteristic class), see [16] for alge-
braic description, or [10] for some geometric reasoning.
Let us prove a theorem that gives coincident q-tuples for maps of
certain projective spaces to Rn by the class sq,d.
Theorem 3. Suppose that q is a power of two, q(d+1) < 2l−1. Then
any continuous map
f : RP 2
l−2−d → R2
l−2
has multiplicity ≥ q.
Note that this theorem gives a coincident q-tuple on a configuration
from any subspace
Qq(RP 2
l−2−d, δ1, . . . , δk) ⊂ K
q(RP 2
l−2−d)
for any sequence of δi, satisfying
δ1 < pi/4, ∀i δi > δi+1 + · · ·+ δk.
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Here we measure the distance on RP n as the angle between lines.
Proof. Any map f : RPm → Rn induces a fiberwise map between ξ =
TRPm and εn. Suppose we have some normal bundle ξ⊥ of dimension
k. The Stiefel-Whitney class of εn − ξ is
w(εn − ξ) = (1 + u)−m−1 = (1 + u)2
l−m−1 = (1 + u)d+1,
and by Theorem 1 we have sq,d(ε
n − TRPm) = u(q−1)(d+1), which is
nonzero since (q − 1)(d+ 1) ≤ m = 2l − 2− d. 
8. Characteristic classes for local coincident 4-tuples –
calculations
Let us give some general schema of calculating sq,d for any particular
q and d. The class e(Aq⊗(ξ
⊥⊕η)) can be calculated in the assumption
that the bundle ξ⊥ ⊕ η is decomposed into one-dimensional bundles
τ1, . . . , τν with respective Stiefel-Whitney classes 1+ t1, . . . , 1+ tν . Let
the Stiefel-Whitney class of the representation Aq in the cohomology
H∗(BΣ
(2)
q , Z2) be
e(Aq) = 1 + a1 + · · ·+ aq−1.
Now the Euler class equals
(8) e(Aq ⊗ (τ1 ⊕ · · · ⊕ τν)) =
ν∏
i=1
(tq−1i + t
q−2
i a1 + · · ·+ aq−1)
in the cohomology H∗(BΣ
(2)
q ×M,Z2). Then we have to map this
class to H∗(Kq(Rµ) ×M,Z2) or H
∗(Qq(Rµ) ×M,Z2), by the natural
map
Kq(Rµ)/Σq → BΣq, or Q
q(Rµ)/Σ(2)q → BΣ
(2)
q ,
find the coefficient at aµ−1q−1 , and express it in the Stiefel-Whitney classes
of η− ξ. Of course, the knowledge of the cohomology of the symmetric
group modulo 2 and the relations on these cohomology that describe
H∗(Qq(Rµ)/Σ
(2)
q ) should be known.
Passing to the particular case q = 4 note that Σ
(2)
4 is the square
group D8, and its cohomology is multiplicatively generated by three
elements a, b, c such that
dim a = dim c = 1, dim b = 2,
and the relation ac = 0. The Stiefel-Whitney class of A4 is
w(A4) = (1 + (a + c) + b)(1 + c).
The space Qq(Rn) is a product of three n − 1-spheres, and in the co-
homology of Qq(Rn)/Σ
(2)
q we have relations
cn = bn = 0.
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Now (8) has the form
e(Aq ⊗ (τ1 ⊕ · · · ⊕ τν)) =
ν∏
i=1
(t2i + (a+ c)ti + b)(ti + c).
to find the leading characteristic class of coincident 4-tuples in codi-
mension d we have to find the coefficient at (bc)ν−d−1 after applying
all the relations. We can also add the artificial relation a = 0 to sim-
plify the situation, since it does not affect anything. Then some direct
calculations give, for example
s4,0 = w
3
1 + w1w2,
s4,1 = w
3
2 + w
2
3 + w1w2w3 + w2w4.
Further cases can be considered too, it even seems plausible to have
some explicit formula with summation for q = 4.
9. Local coincident p-tuples for prime p
Let us consider local coincident p-tuples for odd prime p. In this
case we consider the Euler class e(Ap⊗ (ξ
⊥⊕ η)) modulo p, and there-
fore we may consider, instead of Σp its p-Sylow subgroup Zp of cyclic
permutations. This group acts on Ap without change of orientation, so
we do not have to worry about the twisted cohomology coefficients.
Similar to (8), by the splitting principle we decompose ξ⊥ ⊕ η of
dimension ν into the sum of k two-dimensional oriented (because we
do everything mod p) bundles σ1⊕· · ·⊕σk, when ν = 2k, or into the
sum σ1 ⊕ · · · ⊕ σk ⊕ τ with dim τ = 1, when ν = 2k+ 1. In either case
we have
e(Ap ⊗ (ξ
⊥ ⊕ η)) =
k∏
i=1
e(Ap ⊗ σi) =
k∏
i=1
(u2 − ep−1i ),
for even ν, and
e(Ap ⊗ (ξ
⊥ ⊕ η)) = u
k∏
i=1
(u2 − ep−1i )
for odd ν. In the last two formulas u = e(Ap), and ei = e(σi) are the
Euler classes of summands. The formula follows from the formula of
Pontryagin classes of a tensor product along with the fact that the only
nonzero characteristic classes of Ap in H
∗(BZp, Zp) are its Euler class
u and its topmost Pontryagin class u2.
Let us define the following characteristic classes by the splitting prin-
ciple: if the Pontryagin classes are expressed through symmetric func-
tions
p4i = σi(t
2
1, . . . , t
2
k)
Then put
αp,i = σi(t
p−1
1 , . . . , t
p−1
k ),
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in the case p = 3 these are the Pontryagin classes again, in the general
case these are some classes of dimension 2(p−1)i. Now we can rewrite
e(Ap ⊗ (ξ
⊥ ⊕ η)) =
k∑
i=0
(−1)iu2(k−i)αp,i(ξ
⊥ ⊕ η)
for even ν and
e(Ap ⊗ (ξ
⊥ ⊕ η)) =
k∑
i=0
(−1)iu2(k−i)+1αp,i(ξ
⊥ ⊕ η)
for odd ν.
The images of ui in H(p−1)i(Kp(Rµ), Zp) are nonzero if i ≤ µ − 1.
Hence we obtain a theorem.
Theorem 4. The characteristic classes of coincident p-tuples in a
fiberwise map ξ → η are the classes αp,i(η − ξ) with 2i ≥ dim η −
dim ξ + 1.
10. Estimating the equivariant category of configuration
spaces
In the previous sections some cohomology classes of the configuration
spaceKq(M) were established to be nonzero, thus bounding from below
the multiplicity of a map.
Note that the same classes give new lower bounds for the Lyusternik-
Schnirelmann category of Kq(M)/Σq and the Krasnosel’skii-Schwarz
genus of Kq(M), thus improving the results of [17, 12, 14, 9], where
the estimate was made depending on the dimension of M only.
Let us remind some definitions and lemmas, mainly from [16].
Definition 9. Let X be a free G-space, the genus of X is the minimal
size of G-invariant open cover (i.e. cover by G-invariant open subsets)
{X1, . . . , Xn} of X such that every Xi can be G-mapped to G. Denote
the genus of X by g(X).
It is also well-known that the genus g(X) estimates the Lyusternik-
Schnirelmann category catX/G from below. We need the following
lemma:
Lemma 4. If X is a paracompact free G-space, and for some G-module
α the natural cohomology map
pi∗X : H
n(BG, α)→ HnG(X,α)
is nontrivial, then
catX/G ≥ g(X) ≥ n+ 1.
Now we can state a special case of the previous lemma.
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Lemma 5. If the natural image of e(Aq)
n is the cohomology of Kq(M)
(or KqM(TM)) is nontrivial, then
catKq(M)/Σq ≥ g(K
q(M)) ≥ (q − 1)n+ 1.
Proof. Note that we have an Σq-equivariant map
exp : KqM(TM)→ K
q(M).
If e(Aq)
n 6= 0 ∈ KqM(TM), then e(Aq)
n 6= 0 ∈ Kq(M), and then we
apply Lemma 4. 
Now we can state some corollaries of Theorems 1, 3, 4.
Corollary 5. Suppose that the dual Stiefel-Whitney class of M with
dimM = m has the form
w(TM⊥) = 1 + w¯1 + · · ·+ w¯d+1,
q is a power of two, and w¯q−1d+1 6= 0. Then
g(Kq(M)) ≥ (m+ d)(q − 1) + 1.
In particular if q(d+ 1) < 2l − 1 then
g(Kq(RP 2
l−2−d)) ≥ (2l − 3)(q − 1) + 1.
Proof. Denote the dimension of normal bundle k = dimTM⊥. Theo-
rem 1 claims that the Euler class
e(Aq ⊗ (TM
⊥ ⊕ εm+d)) ∈ H(q−1)(k+m+d)(Kq(Rm+k)×M)
is nonzero under the assumptions.
Lemma 1 now claims that the Euler class e(Aq⊗ε
m+d) = e(Aq)
m+d is
also nonzero in KqM(TM). Now the result follows from Lemma 5. 
The results of Section 8 give a similar corollary.
Corollary 6. Denote w¯i the Stiefel-whitney classes of the normal bun-
dle TM⊥. If the class
w¯31 + w¯1w¯2
is nonzero on M then
g(K4(M)) ≥ 3m+ 1.
If the class
w¯32 + w¯
2
3 + w¯1w¯2w¯3 + w¯2w¯4
is nonzero on M then
g(K4(M)) ≥ 3m+ 4.
And here is the corresponding corollary of Theorem 4.
Corollary 7. Let p be a prime. Consider the classes α¯p,i of the normal
bundle TM⊥, introduced in Section 9. If α¯p,i 6= 0 for some i, then
g(Kp(M)) ≥ (m+ 2i− 1)(p− 1) + 1.
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